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A Class of Bidiagonal Schemes for Solving the Euler Equations

F. Casier,* H. Deconinck,* and Ch. Hirsch}
Vrije Universiteit Brussel, Brussels, Belgium

A class of implicit bidiagonal schemes is developed for the conservative Euler equations. The schemes are
based on a predictor-corrector approach for the characteristic variables, adapted according to the sign of the
characteristic speeds of information. They are second-order accurate in space and time and have intrinsic
dissipative properties. A new fully implicit boundary treatment is developed for this class of schemes, allowing
high CFL numbers in all regions of the flow domain. Results are presented for the quasi-one-dimensional flow in

anozzle.

Introduction

N recent years, substantial progress has been made in the

development of numerical methods for solving
conservative systems of hyperbolic equations such as the
Euler equations describing inviscid fluid flow.

One of the main achievements has been the development of
implicit methods based on tridiagonal solution procedures.?
The use of explicit-implicit artificial viscosity® and of implicit
boundary conditions®’ has made these algorithms very robust
and efficient. Recently, an implicit method based on a
bidiagonal solution technique has been introduced by
MacCormack.!

The first part of this paper is concerned with further
developments related to the bidiagonal solution technique. A
general class of second-order accurate bidiagonal schemes is
proposed, containing a class of implicit schemes and one of
semiexplicit schemes. It is shown that these schemes are in-
trinsically dissipative so that no artificial viscosity is necessary
for linear stability.

The second part of the paper introduces an implicit
boundary treatment for these bidiagonal schemes that
preserves the stability properties of the interior scheme. In-
deed, while a number of successful boundary procedures have
been proposed for explicit and tridiagonal implicit schemes,
this stability remained an unsolved problem in earlier ap-
plications of bidiagonal techniques.®?

Numerical experiments for the Euler flow in a nozzle
confirm the unconditional linear stability, allowing the use of
very high CFL numbers.

Development of the Class of Schemes

Consider a scalar hyperbolic equation in conservation law
form

du + af —0 (13)
a  ox a
or in quasilinear form (with Jacobian a=4f/du)
ou u 0 (1b)
at “ax B

First, a generalized ‘‘forward step” discretization will be
considered. From an analysis of the domain of dependence of
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the solution procedure, it will be seen that a second type of
discretization (a ‘‘backward step’’) has to be introduced for
stability. Combining these discretizations according to the
signs of the characteristic speeds will finally lead to the class
of central bidiagonal schemes.

Forward Step

A conservative two-parameter family of finite difference
discretizations of Eq. (1a) is determined by

=0 )

x=i+Y+¢

du 6f t=n+0
[5*&]

The discretization is carried out with the help of the mesh
points / and i+ 1 at time levels » and n+1 (compact dif-
ferencing). The temporal discretization of Eq. (2) is deter-
mined by

dun+é  Au" ( 1 Fu

itarl el —2)At— +0(AP 3

[at] At+0 2) t6t2+( ) 3
af yn+6 9

[—f] =— (f"+0a"Au") +0(AFP) 4)
ox ox

which leads to

d af" (1 > u
—at A = —Al—— + (= —0)AP— +0(AP) (5
{1+0Ataa}u ta +2 0 t6t2+( ) )

where Ay =u"t! —y".
For the spatial discretization, one has

[au] _(1+£>6u
ot div e \2 at

1 ou 5
,.+,+(§‘5>a7 o) ©

af 1 af
— =— (fis; =S Ax—= +0(AX? 7
[3X]i+%+g o Vi =Sy +EAC S +0(A) (D)
which leads to
u 1 3’
+6(—) — iy = —EAX— +0(AX? 8
) (3;)  + 5= —thvgs o) @)
where

pl liwun =200 L+ 1;)

ol Yisw=01is—1 1
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Fig. 1 Domain of dependence for forward-marching discretization.

Combining the spatial and temporal discretizations yields the
following bidiagonal finite difference equations for each mesh
cell (,i+1):

{ (p+£6) +00bal, ,, }Aul, ,, = —0bf?, 4 9

where o= A¢/Ax.

This discretization is first-order accurate, except for the
special choice § = V2 (second-order temporal accuracy) or £ =0
(second-order spatial accuracy). The correction Au” obtained
from Eq. (9) is determined by marching forward in time from
level n to level n+1. For this reason, Eq. (9) is called a
“forward step”’ (F step).

Solution Procedure: L and U Sweeps

Consider the compact forward step [Eq. (9)]. The ap-
plication of this equation in each mesh cell leads to a set of
equations with a bidiagonal coefficient matrix. One ad-
ditional condition is necessary to close the system. If this
condition is imposed at the left side of the domain, a lower
bidiagonal coefficient matrix is obtained and the solution can
be computed by a sweep from left to right (‘L sweep”’).

If the condition is imposed at the right side, an upper
bidiagonal coefficient matrix results and the solution can be
computed by a right-to-left sweep (‘‘U sweep’’).

However, the choice of the sweep type (L and U) is not
arbitrary, but rather depends on the domain of dependence
analysis. Indeed, it is well known that the characteristics of
the hyperbolic differential equation must be included in the
numerical domain of dependence of the difference scheme.
This domain is the left side of the discretization point for an L
sweep and the right side for a U sweep (Fig. 1). As a result,
when solved with an L sweep Eq. (9) will be stable for only
positive signal speeds a. Similarly, the solution with a U sweep
is stable for only negative a. Since the scheme will have to deal
with mixed or variable sign signal speeds, a two-step
procedure is to be considered, with an L sweep in the first step
and a U sweep in the second (or vice versa). To stabilize the
first step (L sweep) for a negative signal speed and the second
step (U sweep) for a positive signal speed, a modification is
necessary.

Backward Step

The modification consists of using a backward time in-
tegration for the unstable characteristic, such that the domain
of dependence requirement is again satisfied (Fig. 2). The
backward discretization is determined by the following
discretization point used for integration from level nton—1:

it VatE

ou afyr-*
[&*a]

With the temporal discretization

du
at

n—0  Ay"~! (1 u
= ~—0>At— 0(AL
At + 2 ar? +0(ar) (10)

Fig. 2 Domain of dependence for backward-marching discretiza-
tion.

af jn-6 @
—I =— (f"—0a" Au""1) +0(AFP) (11)
ox dax

and using the spatial discretization [Eq. (8)], the following
bidiagonal equation is obtained, in which the solution at level
nis assumed to be known (backward or B step):

{ (u+£0) —bodal, , } Aulr), = — odf}, (12)

The Two-Step L-U Scheme

The class of two-step central bidiagonal schemes that
satisfy the domain of dependence requirements for arbitrary
sign of the signal speed is then formulated as follows.

First or predictor step, L sweep:

L{ ((p+E8) +0adlar, | VAu,, = — 0bf7, 4

Wt =yn+ Au

13

Second or corrector step, U sweep:

{ (n—£6) =008 laff} |} Bu,, = —0dfiF],  (14a)
U R
Wt =y + Vs (Au+ Au) =u" + Au" (14b)

The two-step U-L scheme is obtained in a similar way by
replacing § with — 6 and £ with —£.

By taking the absolute value of ¢ in the first step, Eq. (13) is
a forward time integration for positive @ [reducing to Eq. (9)]
and a backward time integration for negative a [reducing to
Eq. (12)]. Thus, for negative @, the predictor solution is
obtained by a linear extrapolation from levels nand n—1,

untl =yn +Aun—1 =" — 1

For the corrector step [Egs. (14)], on the other hand, the
absolute value amounts to a backward step from level 7+ 1 to
n for positive signal speed and to a forward step from level
n+1ton+2 if a is negative. Hence, the updating after two
steps [Eq. (14b)] is in fact given by

utl =y + Y (Aun +Z;") fora>0 (15a)

W=y + Vs (Au"! 4+ Auntl) fora<0 (15b)
This interpretation of the time level of the corrections is
important for the specification of the consistent implicit
boundary conditions discussed in the next section.

The scheme of Eqs. (13) and (14) is second-order accurate
(or central) in both space and time. To achieve the second-
order space accuracy, the discretization has been chosen at
i+ Y% —E& in the corrector step. Indeed, the first-order trun-
cation error terms to be added to Eqgs. (13) and (14),
respectively, are then given by ’

2 2
At{(yz—omtﬁﬂ —eandt +At0(At2,Ax2)} (16)
ar? ax?
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2 2
Az{(e—yz)m‘;—: +gAx2—x§ +Ar0(AzZ,Ax2)} a7

such that the first-order truncation errors cancel after
determining the global correction explicitly from Eqs. (13)
and (14).

The stability of the finite difference system of Eqgs. (13) and
(14) can be studied with a Von Neumann analysis. The am-
plification factor is given by

Jjo at +v0%ad’f

G=1_1+(£+Gala|)2t2

(18)

where ¢=2 tan (kAx/2) with k the wave number.
The system is linearly stable if the amplitude IG! is less
than unity, assuming £ and 6 are positive,

(19)

Q
Y
N |~

For {=1', a nondissipative scheme is obtained. For larger
values of ¢, intrinsically dissipative schemes are obtained. The
higher frequencies are especially affected by the choice of {.
Complete dissipation of the 2Ax waves (highest frequency in a
mesh) is obtained for the choice {=v2/2.

The study also shows that the CFL number (oa) particularly
affects the lower frequencies. It follows that the value of { can
be used to control the amount of dissipation for the higher
frequencies, while the value of CFL can be used to control the
amount of dissipation for the middle and low frequencies.

Conservative System of Coupled Equations

Consider the conservative system of coupled hyperbolic
equations

U + oF _ 0 20
a  Ix 20)
or in quasilinearized form (A4 = dF/9U = the Jacobian)
U + o 0 21
at ox @l

This linearized system can be decoupled by the trans-
formation to characteristic variables W. This gives

OW=L3U A=L-'DL (22)

where D is the diagonalized Jacobian containing the speeds of
the associated characteristics. The L-U scheme of Egs. (13)
and (14) is then applied to each equation of the decoupled
system and the finite difference system is transformed back to
conservative variables.

This leads to the following class of central (second-order
accurate) bidiagonal schemes for a coupled system of
hyperbolic equations in conservation form:

((p+£8)I+008 1417, ,JAU;, ), = —0dF], ),

L L o (23a,
Ur+tl ="+ AU (pI‘CdiCtOr)
{(p—E0)T—0608 1AV, YAU,, ), = ~ 0bF

T (23b)
Urtl=U" + 5 (AU+ AU) (corrector)
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where [ is the identity matrix (6,;) and

The schemes are stable if, for all characteristic speeds a;,

¢ = (0+L>zf @5)

ola;| 2

independently of the sign of the characteristics.

Two special subclasses are:

1) £=0 implicit schemes. These schemes are un-
conditionally stable under the condition 6= %. For =12 a
nondissipative scheme is obtained and for § =v2/2 the scheme
completely damps the propagation of the 2Ax waves (the
highest frequencies in the discretized solution). As
nonlinearities usually generate high-frequency oscillations,
the choice of §=v2/2 will be very interesting in these regions.
For the special choice of §=1, one obtains a scheme which is
closely related to the bidiagonal implicit scheme of Mac-
Cormack,! except for the boundary treatment.

The parameter A introduced in the MacCormack scheme
[see Ref. 1, Eq. (5)] is related to 6 in the following way:

o=—1 (x+1) (26)

el ' 20

Further in the paper MacCormack [Ref. i, Eq. (8)] uses the
choice

>\=max{|a| —Zi, 0} @7

g

which is equivalent to

1
0=1 if lal>—
if lal>—

28

1 1
—  if lal<—
20lal Ha 20

2) 6=0 semiexplicit schemes. These schemes have the form

{(%+£)AU,-+1=—06 1 — (V- E) AU,
L

Ut =Ur + AU (predictor)
_ e — (29)
(24 8)AU; = = adF 1, — (15— £) AU,
U e
Ut =U" + 145 (AU+ AU) (corrector)
and are conditionally stable under the restriction
ICFLI| <2¢ (30)

For the special choice £ = Y2, the well-known explicit scheme
of MacCormack is obtained. For choices of £>14, larger
CFL numbers can be used at the computational cost of the
explicit schemes.

Boundary Treatment

As is shown in the above subsection on the solution
procedure, a starting value of the boundary correction
Au, (Auy) is necessary to start the L sweep (U sweep) solution
procedure. The number and nature of these boundary con-
ditions can be determined by applying the theory of
characteristics: the information entering the computational
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domain should be replaced by prescribed natural boundary
conditions, while the information leaving the domain should
be predicted from inside the domain (numerical boundary
conditions).

In particular, the treatment of the numerical boundary
conditions has been a serious obstacle in achieving un-
conditional stability in earlier applications of bidiagonal
techniques®?: the extrapolation techniques (which have been
used with success in explicit and tridiagonal implicit
algorithms) led to serious stability problems [CFL restriction
to O(1)] when applied in bidiagonal implicit algorithms.

In this section, a new time-accurate boundary treatment for
the numerical boundary conditions is proposed, based on the
time level interpretation of the correction resulting from the
backward or forward time integration. This boundary
treatment uses no space extrapolation and preserves the linear
stability properties of the interior scheme, as will be shown in
the numerical experiments.

Boundary Conditions for the L-U Scheme for a >0

For characteristics with positive signal speeds, natural
boundary conditions have to be imposed to start the L sweep
(point 0) and numerical conditions have to be imposed to start
the U sweep (point I). Consider the numerical conditions at
the linking boundary (). The corrections Au are both con-
sistent approximations of the correction Au”" [cf. Eq. (15a)].

Au=Au" + At (A?)
e 31
Au=Au" + At0(AL)

In the best case, both corrections are equal in all points and
also at the boundary. Au, is determined in the previous sweep,
sothat Au; can be predicted for the numerical boundary
conditions by

Aul=Au? (32)

As a consequence, the second-order accurate solution will be
determined by

uptl =i+ v (Auj+ Aup) =uj+ Auj=uj+! 33)

The natural boundary condition can now be imposed in a
consistent way by requiring

upt! =ul or Aul=u}—uj 34
where u is the natural boundary condition.

Boundary Conditions for the L-U Scheme for a <0

For negative characteristics, numerical conditions have to
be imposed to start the L sweep (point 0) and natural con-
ditions to start the U sweep (point I). Consider first the
linking boundary. Here, the second-order accurate solution
can be determined by the natural conditions

upt! =uj (35)

where u} is the natural boundary condition.

Asthevalue Ay, has already been determined in the
previous sweep, the starting correction at the linking bound-
ary is simply obtained from Eq. (15b),

Aujt! =2 (up—ul) — Aup-! (36)

Several possibilities are now open for introducing numerical
boundary conditions in point O consistent with the second-
order accurate solution. For example, one can consider the
solution obtained in the previous iterations as the exact one,

Aup~1=0 (37)
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or one can try to find more time-accurate predictions by
considering results of previous steps,

Aug= Y5 (Buy+ A ) previous iteration (38)
Comparing this to Eq. (15b) shows that this is equivalent to
Aul~! =15 (Al + Aul) = Auj ! (39)
Another valid choice is
‘A—uo - (Asuo ) previaus iteration (40)
which is equivalent to
Auj! = Auj

Boundary Conditions for a Conservative System
of Coupled Hyperbolic Equations

Consider the conservative system of coupled equations (20).
The locally linearized characteristics are defined by Eq. (22) as

AW =LoU
The natural boundary conditions are imposed as *“primitive’’
variables (for instance, pressure, density, and velocity),
defined by
aU=Tow (41
Both transformations can be linearized, which yields

AW=LAU and AU=TAW 42)

The characteristic corrections can now be divided into those
associated with the characteristics entering domain (AW,,)
and leaving domain (AW,,,). In the same way, the primitive
corrections can be divided into natural (AU’) and numerical
(AU™) primitive corrections. This leads to

AWin r ’]"1;1 _ T;I[ Ti;lll AOI
= AU= ~ 43)
AW T&x{ To_ultl T&,{” AUY '

[ A Win Lin
Tl = AU (44)
L AWout L

and

out

The natural boundary conditions are determined by AU’ and
the numerical boundary conditions by

AWy = Loy AU

so that the correction AU¥ can be found from

AO! = [Tl 1 (Lo AU - ToiT AT (45)

For the linking boundary, one must insert in Eq. (45)

AU =2(0* -0y -AU Eq. (36)
_V (46)
AU=AU Eq. (32) i
For the nonlinking boundary, one must insert
AUI=0-0r Eq. (34)
@7

AU defined by Eq. (37), (38), or (40)
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The starting correction is now given in primitive variables by

_ Al
AU= { . } (48)
AU

so that the starting value AU can be easily computed.

Numerical Results

To test the class of schemes and the boundary treatment, a
number of numerical experiments have been conducted for
the quasi-one-dimensional Euler flow in a Laval nozzle. The
quasi-one-dimensional Euler equations are given by

oU OF
S(x) = +— +H=0 49
tx) at + ox “9)
where
o pu 0
as

U= | pu | F=S(x)| p+pu? H=5c -p| (5O

e (e+p)u 0

with p=(y—1)(e—0.5p2°) and the area ratio S(x) is defined
by’

S(x)=1+1.5(1—§)2

x\2
S(x)=1+0.5<1—3> S<x<1I0

For this stéady tést case, local time stepping (constant CFL
number throughout the flow) was used

0;=CFL/[u+c];

where c; is equal to the local speed of sound and [u+c]; to
the local maximum eigenvalue of the system of equations.

The schemes considered in the numerical experiments are
the following U-L schemes:

1) A subclass of implicit schemes with £ =0 and 6> V4.

2) A subclass of semiexplicit schemes with §=0 and £ >
CFL.
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In order to exclude all effects other than those caused by the
basic scheme and the boundary treatment, no additional
terms (artificial damping) have been introduced.

To test the accuracy of the steady-state results, a mass flux
error is introduced, as

_ (puS) yum — (PUS) exact
(PUS) exact

ER -100%

For all test cases, a maximum error (ERM) and a mean value
of the mass flux error (ERG) are computed.

To test the convergence of the algorithms, a mean residual
(RMS) and a maximum residual (RSM) are defined as

RMS=\/Dpf“—p;’)?/Z(p!—p?)Z

max lpf+{—p7 i
I

RSM =i
max lp] —p?1
i

All experiments were conducted up to machine accuracy
(RMS = 10~'?) and the convergence criterium was defined by
RMS=10"19,

The natural boundary conditions are obtained from the
exact solution, which is determined by the total temperature
(300 K), the total pressure (10° Pa), the critical area S* at the
inlet, and the shock position x,. The initial condition is a
linear interpolation of p, u, and p between the exact boundary
values. The test cases are described in Table 1.

Cases I, II, and IV were designed to test the boundary
treatment and cases IV and V to study the influence of the
sonic point. Cases V and VI were selected to study the in-
fluence of a discontinuity, depending on its position in the
mesh: the shock was positioned on a mesh point in case V and
midway between two mesh points in case VI. For all ex-

" periments, a mesh of 81 points was used.

Table 2 shows results for the implicit subclass (£=0).
Results for 6=0.7 and 1.0 have been retained. The former
choice leads to complete dissipation of the shortest waves in
the solution. The latter choice was made for its resemblance to
the implicit scheme of MacCormack.! In this scheme, if no
explicit-implicit switching is used, no damping term is in-
cluded and, when the implicit boundary treatment of the
previous section added, one obtains the =1 scheme.

Table1 Test case definiton (Laval nozzle, P, = 105 Pa, 7, =300 K)

Natural
boundary condition

Case Flow type S* Xshock Inlet Outlet
I Fully supersonic 0.8 — o,U,p —
I Fully subsonic 0.8 — o.p p
v Subsonic-supersonic 1.0 — o0 —
A\ Transonic + shock? 1.0 7.0000 op p
VI Transonic + shock® 1.0 7.0625 0,0 b

20n a mesh point. b Midway between two mesh points.

Table2 Numerical results for the implicit subclass (£ =0)

Case 8 CFL Iterations® ERG, % ERM, % Figs.
I 0.7 10122 10 10-12 2x10~12 3a,b
I 0.7 1012 35 0.025 0.025 4a,b
v 0.7 20 100 0.020 0.020 5a,b
v 1.0 20 140 0.034 0.034 Sa,b
v 0.7 60 110 0.043 1.0 6a,b
VI 0.7 39 160 0.015 0.016 8a,b

3CFL = 100 for first two iterations. °Needed to obtain RMS=10 10,
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Table3 Numerical results for the semiexplicit subclass (= 0)

Case £ CFL Iterations® ERG, % ERM, % Figs.
[ 106 1.8% 108 200 10-12 2x10~12 3¢
I 200 360 200 10~ 12 2x10°12 3¢
II 40 70 360 0.025 0.025 4c
1§ 1012 1.8x10!? 320 0.025 0.025 4c
v 20 36 Fig. 5¢ 0.016 0.021 5c
\% 20 39 Fig. 7¢ 0.009 1.1 7a,b
VI 20 39 0.005 0.023

8a,b

2 Needed to obtain RMS=10"10.

Table 3 shows results for the semiexplicit subclass (6 = 0) for
various values of £.

Stability
Boundary Treatment

If no strong nonlinearities are present (cases I and 11, Figs.
3 and 4), the stability of the interior scheme as determined
from Eq. (25) is fully preserved. For the implicit subclass
unlimited CFL numbers can be used, and for the semiexplicit
subclass the CFL number is restricted only by the choice of £
[Eq. (30)]. In all cases, the rate of convergence was not
slowed by the boundary treatment and machine convergence
is reached (Figs. 3b, 3c, 4b, and 4¢). This shows that the
boundary treatment can be considered as unconditionally
stable and fully consistent.

Nonlinearities
Schemes based on Taylor expansions are inconsistent in the
vicinity of discontinuities. So large errors can be generated at

shocks and contact surfaces, destabilizing the solution. In-
deed, the numerical experiments with the implicit subclass
showed a CFL restriction for cases V and VI (CFL = 100) with
optimal convergence at CFL=60 (Fig. 6). These stability
problems can be reduced by the use of shock-handling
techniques such as flux splitting and artificial viscosity.

As the entropy condition is not contained in the scheme (no
natural or artificial damping terms), unphysical expansion
shocks are mathematically acceptable solutions.!® The
nonuniqueness of the solution can therefore lead to in-
stability. This problem was met in the numerical experiments
for case IV (Fig. 5) when using the implicit subclass. Here, the
CFL number was restricted to O(50) for stability and to O(25)
to obtain a unique solution. This uniqueness problem can be
removed for example by including a damping term that
vanishes as steady state is reached.!® For the semiexplicit
subclass, the nonlinear effects lead to a stagnation of the
convergence (rms=~107%), indicating a low-scale instability
(Figs. 5¢c and 7b).

T T T . T Y T 3 102 3 102
= =
| —— : exact solution 3.00 - e 6 =0.7 100 z 100
000 : numerical solution 2 ¢ =0 2 &
o | =1 10 - 1072
= =< £
= = 1074 - 11074
= et =
2 @ 1076 @ 11076
= & &
2 % b 1078 4 1078
b 5 s
= = 10710 g w10
& 10712 =4 1 10712
= =
@ 10714 Iy 10714
ZF 3 vl
L I 1 e i 1] L e N 1
0. 2.50 5.00 7.50 0.9 0. 5.00 10.0 15.0 20 .0 0. 100 . 200. 300 .
AXIAL DISTANCE NUMBER OF ITERATIONS NUMBER OF [TERATIONS
a) Mach number distribution. b) Convergence for implicit subclass. ¢) Convergence for semiexplicit subclass.
Fig. 3 Case I, fully supersonic flow.
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3 » w
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200 >~ 10712 ~ Jo
. gy 8 E
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1 L L = i il 1 [l ’ = 1 1 i
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NUMBER OF [TERATIONS
¢) Convergence for semiexplicit subclass.

Fig. 4 Case I, fully subsonic flow.
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NUMBER OF [TERATIONS
b) Convergence for implicit subclass.
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¢) Convergence for semiexplicit subclass.

Fig. 5 Case IV subsonic-supersonic flow.
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Initial Conditions

The\lar’gc corrections computed in the first few iterations
can sometimes cause instability. This problem is easily solved
by using a gradual start (a lower CFL number for the first few
steps). This. was necessary for one of the experiments as
shown in Table 2.

Parameter Choice

Except for the effect of nonlinearities, all results for all
schemes seem to indicate that the use of higher CFL numbers
improves the convergence of the algorithm. For the implicit
subclass, the choice of #=V2/2 leads to higher efficiency than
the choice §=1 (Fig. 5b). For the semiexplicit subclass, there
seems to be an optimal relation between ¢ and CFL, which is
approximately given by

1.5 <CFL<2.0¢

Accuracy
Boundary Treatment

It has been shown that the second-order accurate solution is
determined by the conditions at the linking boundary (inlet
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=3

for the U-L scheme). For flows with subsonic regions, the
final solution is found to be subject to exit conditions slightly
different from the imposed exit conditions, as can be seen in
the error values. In all cases, this difference was less than
0.05%. If all of the conditions can be imposed at the inlet
(case I), machine accuracy is achieved.

Sonic Point

Except for the possibility of expansion shocks, no ad-
ditional errors are introduced in the sonic region for the
implicit subclass (ERM=ERG for case IV). For the
semiexplicit subclass, the maximum error was slightly larger
than the mean error, indicating some error at the sonic point.

Shock

The comparison of the results for cases V and VI shows that
the accuracy at the discontinuities is highly dependent upon
the shock position with respect to the mesh points. The largest
error is introduced when the shock is positioned on a mesh
point (case V), while practically no error is introduced when
the shock is positioned in the middle between two mesh points
(case VI). See Figs. 7a and 8a.
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Computational Efficiency

It is obvious that the introduction of techniques stabilizing
the strong nonlinear effects (entropy condition, shock-
handling techniques, etc.) will strongly improve the efficiency
of the schemes described here. For this reason, computational
efficiency is discussed only for those cases where no strong
nonlinear effects are present (cases I and II).

Without doubt, unconditionally stable schemes with an
adequate unconditionally stable boundary treatment
(although more complex and three to five times more ex-
pensive than the explicit schemes) are extremely efficient. See
Figs. 3b and 4b.

If one wishes to sacrifice some efficiency for greater
simplicity, the semiexplicit subclass allows a very attractive
alternative. These schemes have the same simplicity and the
same computational cost as the two-step explicit schemes, but
allow the use of very high CFL numbers so that very high
rates of convergence are achieved. See Figs. 3¢ and 4c.
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Conclusions

A new class of conservative compact difference schemes has
been presented that contains the explicit and implicit Mac-
Cormack schemes as special cases.

The schemes are central (second-order accurate) and have
dissipative properties that can be controlled by the choice of
the discretization parameters (8 and £) and by the choice of the
time step (CFL number). Two special subclasses have been
considered: a fully implicit one that is unconditionally stable
for the linear case and a semiexplicit one that is conditionally
stable and has the simplicity of explicit schemes.

A fully implicit boundary treatment has been developed
that preserves the stability properties of the interior scheme.

Numerical experiments confirm the efficiency and the
stability properties of the new method. In particular, very
high rates of convergence (CFL of the order of 10'?) and high
accuracy can be achieved for fully supersonic or fully sub-
sonic flows without artificial viscosity.

Extension and application to two-dimensional problems
will be presented in the near future.
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